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Abstract 



In a preceding paper we developed a reformulation of Newtonian gravitation as 
a gauge theory of the extended Galilei group. In the present one we derive two 
true generalizations of Newton's theory (a ten-fields and an eleven-fields theory), 
in terms of an explicit Lagrangian realization of the absolute time dynamics of 
a Riemannian three-space. They turn out to be gauge invariant theories of the 
extended Galilei group in the same sense in which general relativity is said to be 
a gauge theory of the Poincare group. The ten-fields theory provides a dynamical 
realization of some of the so-called "Newtonian space-time structures" which 
have been geometrically classified by Kiinzle and Kuchaf. The eleven-fields 
theory involves a dilaton-like scalar potential in addition to Newton's potential 
and, like general relativity, has a three-metric with two dynamical degrees of 
freedom. It is interesting to find that, within the linear approximation, such 
degrees of freedom show graviton-like features: they satisfy a wave equation and 
propagate with a velocity related to the scalar Newtonian potential. 
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1 Introduction 



The present paper must be seen, from the technical point of view, as a natural development 
of a previous one in which Newtonian gravitation has been reformulated as a gauge 
theory of the extended Galilei group. The role of the Galilei group has thereby been 
transformed from that of a symmetry group to that of a covariance group, in the sense of 
Anderson p[. Yet, from a substantial point of view, this paper contains true generalizations 
of Newton's theory: we propose here two new gravitational theories which provide non- 
relativistic (Galilean) Lagrangian descriptions of the evolution of a Riemannian dynamical 
three-space in absolute time. 

The recasting of Newton's theory has been obtained in in the form of a three- 
dimensional Galilean {absolute tzme respecting) generally- covariant Action principle. Thus 
our three-dimensional formulation differs substantially from the well-known four- dimensional 
reformulations of Newton's theory in geometrical terms by Elie Cartan 0, Havas 0], An- 
derson 1^, Trautman p, Kiinzle and Kuchaf 0. All these reformulations describe the 
Newtonian inertial-gravitational structure in terms of an affine connection compatible with 
the temporal flow and a rank-three spatial metric h'^'^. While the curvature of the four- 
dimensional affine connection is different from zero because of the presence of matter, the 
Newtonian flatness of the absolute three-space is guaranteed by the further requirement 
that Poisson's equation be satisfied, in the covariant form R^jy = Gp{z)tfj,t,,, where R^u is 
the Ricci tensor of the affine connection and p{z) is the matter density. In this way, the 
four-dimensional description is dynamical, while the three-dimensional one is not. 

It is clear that, in order to achieve the main scope we are interested in, it necessary first 
of all to get rid, in some way, of the fiatness condition of the absolute three-space metric 
Qij, which is expressed by the above covariant Poisson equation in the four-dimensional 
formulations and by the explicit vanishing of the three-dimensional Ricci tensor [Rij = 0) 
in our three-dimensional formulation. Now, in [|I| we have obtained essentially the following 
results: (1) By exploiting the gauge methodology originally applied by Utiyama to the 
Lorentz group within the field theoretic framework, all the inertial-gravitational fields which 
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can be coupled to a non-relativistic mass-point have been characterized. (2) A suitable non- 
relativistic limiting procedure (for (? — > oo) from the four-dimensional level has then been 
utilized. Precisely, the limiting procedure has been apphed to the Einstein-Hilbert-De Witt 
action for the gravitational field plus a matter action corresponding to a single mass point, 
under the assumption of the existence of a global 3+1 splitting of the total Action, and of a 
suitable parametrization of the 4-metric tensor in terms of powers of (? . Once the expansion 
in powers of Xjc? has been explicitly calculated, we have made the Ansatz of identifying 
the basic Galilean Action A with the zero*^ order term of the expansion itself. 3) The 
resulting Action turned out to be dependent on 27 fields beside the degrees of freedom 
of the mass-point. Eleven among these fields are gauge fields of the Galilei group, having 
definite inertial- gravitational properties, while the remaining 16 fields are not coupled to 
matter and play the role of auxiliary fields that guarantee the general covariance of the 
theory. 

In force of these results, unlike the case of the four-dimensional framework which does 
not lend itself to any easy generalization, a way out of the above constraint appears natu- 
rally in our formulation and is suggested by the very structure of the total Galilean Action 
A. Indeed, it is natural to try to eliminate all the auxiliary fields that arc not coupled to 
matter. This result is obtained through the new Ansatz constituted by putting equal to 
zero, by hand, as tensor equations, all the auxiliary fields. As a matter of fact, in this way 
we define a new variational problem which turns out to provide consistently the follow- 
ing results: (a) The theory contains only fields coupled to matter, (b) The theory is still 
gauge-invariant (properly quasi-invariant) under the local Galilei group, (c) The condition 
of Newtonian fiatness {Rfxv — ^T^Gp{z)tfjti,) no longer appears and Riemannian three-spaces 
with non-zero curvature are allowed. 

It turns out that, within the theory obtained in this way, the eleventh gauge field 6(i), 
originally generated by the central extension of the Galilei group, has no dynamical meaning 
and can be reabsorbed in the definition of the absolute time, so that the theory has ten 
effective fields. Then, the constraint analysis shows that the three-metric gij possesses 
three dynamical degrees of freedom. The structure of the constraints chains of this theory 
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is rather involved, and its analysis has not been carried through completely in the present 
paper. 

A more interesting theory, with eleven field, is obtained by allowing the 6 field to 
depend on the space variables z, besides the time t. This field, which appears to be a 
classical analogue of the dilaton field, gives rise to a quite different constraint structure, 
which is more like that of general relativity. It turns out, in fact, that the three-metric 
Qij has now two dynamical degrees of freedom, while all the other fields are constrained 
either by gauge conditions corresponding to first-class constraints (as the inertial force 
vector Ak) or by second-class pairs of constraints (as the scalar gravitational potential and 
the dilaton field). From this point of view, it can be said that this theory shares, so to 
speak, an intermediate status between pure Newtonian theory in which there is only the 
gravitational "force" associated to the scalar potential and general relativity in which 
there is no "force" and the whole dynamical description is provided by the 4- metric. It 
is interesting to find that within a linear approximation of the eleven-fields theory, the 
dynamical degrees of freedom of the spatial 3-metric show a graviton-like nature. Indeed, 
they satisfy an hyperbolic wave equation and propagate with a velocity related to the 
square root of the zero*^-order weak-field approximation of the scalar Newtonian potential. 
In this way the latter plays the additional role of cosmological background. This result 
seems quite remarkable from both a conceptual and a historical point of view. It is worth 
recalling that Einstein, in his first attempts towards a relativistic theory of gravitation, 
introduced a variable speed of light playing the role of the gravitational potential (see, for 
example Norton 0). 

Section 2 is dedicated to the presentation and discussion of the generalized Newtonian 
gravitational theories as gauge-invahant theories of the Galilei group: the ten-fields-theoij 
(Section 3), and the eleven- field-theory (Section 4). Many calculations and special results 
are reported in three Appendixes. 
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2 Generalized Newtonian Gravities: Galilei ^a?i^e-invariant 
theories for some Special Newtonian Manifolds 



In a previous paper we have shown that it is possible to implement the standard New- 
tonian gravity as a covariant field theory. The fundamental fields of this theory are a 
3-dimensional Euclidean metric gij, an inertial- gravitational vector field Ai, a scalar field 
A which plays the role of a generalized Newton's potential, and the time-reparametrization 
field O. It was shown, moreover, that these fields are the gauge fields associated to the 
reinterpretation of the Galilei group as a localized group and that they can be exploited to 
define the Special Newtonian space-time structure on which the four dimensional Cartan's 
reformulations of Newtonian Gravity ||^ is based. The price that we had to pay for the 
above result was the introduction of 16 "auxiliary" fields, say ao, ca, jij, Pij, that do not 
have any physical role besides that of allowing a generally covariant formulation. Moreover, 
they do not couple to matter (a mass-point), and correspond to non-propagating degrees 
of freedom in the standard Newtonian theory. Our reformulation has no physical degree of 
freedom and, of course, fiat metric. 

We want now to search for a possible true generalization of Newton theory which, 
essentially, has to allow for a non-fiat metric and a possible dynamical evolution of it in the 
spirit of general relativity (though, of course, in absolute time). As we shall see, contrary 
to what seems to be a widespread opinion, this is in fact realizable. Since we have, so 
to speak, to reduce the set of conditions which force the fiatness and absolute nature of 
Newton's space, a natural way for this generalization is already inscribed in the structure 
of the 27 fields Newtonian theory, because we have here the liberty to try to constrain or 
even eliminate some or all of the auxiliary fields without modifying the variety of fields 
physically interacting with matter. After all, only the original eleven fields are directly 
connected with the gaugeization of the Galilei group and, furthermore, only these latter 
are correlated to the geometric space-time- Newtonian structures. As a matter of fact, we 
will derive theories which remain gauge-invariant theories of the Galilei group in a peculiar 
way. 
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We will adopt here the simplest choice: we will put equal to zero, by hand, as tensor 
equations, all the auxiliary fields Oq, ai, jij, (3ij. It should be clear that, in this way, 
we are not dealing with, say, a subsector of the old variational problem, but we are in 
fact constituting an entirely different variational problem. In fact, as we shall see, we will 
obtain a variational principle for the description of the dynamics of some special Newtonian 
Manifolds [^] {ten-fields theory). A different theory can be obtained by allowing the field G 
to be a function of t and z. This new theory {eleven-field theory) describes an additional 
dilaton-like degree of freedom. Both these theories describe fields coupled to matter. It is 
not clear, however, at the present level of analysis whether the formal results are completUy 
consistent from a distributional point of view (singularity on the world-line like in the 
relativistic case of particles plus fields). Let us remark that, in absence of matter, if we 
allow ao to be different from zero, the resulting theory is a subsector of the ten-fields one. 
Probably, in order to fit a formally consistent theory in presence of matter one has to 
add extra couplings of ao to matter which cannot be obtained by a limiting procedure 
from general relativity. Yet, even if we have not carried out a complete analysis of all 
the possibilities, it is most likely that the only formally consistent theories without extra 
coupling to matter are the ten and eleven-fields theories just mentioned. 
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If we keep only the fields that explicitly interact with the mass-point, i.e. if we set 
ao = ai = 'jij = (3ij = 0, in an arbitrary reference frame, the expansion of the total 
action of \M can be rewritten as: 



Sf + S_ 
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Now, the zero**^ order term can be written: 
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As in the previous paper [jl| we will make the Ansatz that the total action for the generalized 
Galilean field theory with a mass-point be the zero*'' order expression ( p.2| ). The meaning 
of the symbols here is the following: three-dimensional metric (with signature 3), 

Ai is an inertial- gravitational vector field, A is a gravitational scalar field, and G is the 
time-reparametrization field. R denotes the three-dimesional scalar curvature associated to 
the unique symmetric covariant derivative Vj compatible with gij, and Bij is given by: 



B^, = l[^^A, + W,A-^] 



(2.3) 
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The Euler-Lagrange equations for the mass-point and the fields result: 
1 V9 
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Let us see that, in this way, as in the case of the standardNewtonian theory developed 
in the previous paper [|^, we have constructed a theory which is invariant under the local 
Galilei group. In that paper it was shown that the localized Galilei group operations for the 
mass-point coordinates and for the fields are naturally defined by the following infinitesimal 
transformations: 
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and 
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where c^-^,* = eijk are the usual structure constant of the 0(3) rotation group, e is the 
parameter of the infinitesimal time-translation, are the parameters of the infinitesimal 
space-translations, uo^ are the parameters of the infinitesimal space rotations, and the f * 
are those of the infinitesimal Galilei boosts. 



In fact, if we now adopt these transformation rules, the variation of the total action 
under the transformations of the mass-point coordinates and of the gauge fields ( p.5|J2.6| ) 
results: 
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Therefore we have found the important result that the total action is quasi-invariant under 
the transformations ( |2.5| , p.6|) in force of the equations of motion. We can thereby conclude 
that the theory has a local Galilei invariance modulo the equations of motion. Let us remark 
that this peculiarity is precisely what it should be expected in the case of a variational 
principle corresponding to a singular Lagrangian. 
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3 A ten-fields theory 



It is easy to show that, as in the first variational problem of the preceding paper (^7- 
fields theory), the field 0(t) has no real dynamical content also in the variational problem 



corresponding to the action (|2.2| ), since its effect amounts only to a redefinition of the 
evolution parameter t in the expression T(t) = /q (ir6(r). Indeed, by redefining the fields 
Aq and Ai as in the standard Newtonian case of 

Ao 
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A 
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the total action 



can be re-written as: 
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i.e., in a form independent of 0(t). Correspondingly, the Euler-Lagrange equations are just 
the Eq.(|]D without 9. 

We shall deal now with the constraint analysis within the Hamiltonian formalism. The 
canonical momenta [/ = ||;] are defined by: 
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Therefore, since the Lagrangian is independent of the velocities A and Ai, we have, first of 
all, the primary constraints 

TT^ ~ , TTA ~ . (3.4) 
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The Dirac Hamiltonian is given by: 
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Aig'^(j)j + n'Xi + ttaX' 
where for further convenience we have introduced the following notation^: 

Hi =^R 
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For future use, we list here the relevant algebraic relations involving the above quantities: 
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where V is the covariant derivation with respect to the metric gij. 
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Notice that the (/)j's are the canonical generators of the coordinate transformations 
(diffeomorphism group) of the three-space with fixed absolute time since we have 
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Q^k Q^k Q^k ' 

a fact which is well-known from the canonical 3+1 formulation of general relativity |10 



We apply now the Dirac-Bergman procedure. By imposing time-conservation of the 
primary constraints, we get: 

Uz,T) = -g,,{z,T)7r^{z,T) = -gij{z,T){7r%z,T), Ha} ~ 
Xa{z,T) =irAiz,T) = {nAiz,T),Ha} 



1 (^ttO a 
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^Note that, while the expressions of Tii and TLe are identical to the corresponding quantities in- 
troduced in the usual Hamiltonian formalism of general relativity, the ADM super-Hamiltonian is instead 
"H^ = Til —"He- 
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which must be imposed as secondary constraints. In turn, time-conservation of these latter 
gives: 

V',(z,T) =<P,{z,T) = {(P,iz,T),Ha}c^Q 
M^,T) =XAiz,T) = {xA{z,T),Ha} 
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While we have ~ as a consequence of the primary and secondary constraints, the ipA 
must be put equal to zero as a further condition, whose nature must be discussed in detail. 

This condition becomes an equation for the multiplier A^, and the constraints chain 
stops consequently, if the quantity 

is not identically zero. For simplicity, we will discuss only two particular cases. Actually, a 
complete treatment of the problem of the degrees of freedom of the theory would involve a 
thorough analysis of the various possible independent constraint sectors corresponding to 
different classes of initial conditions [|lT] . 



a) The simplest constraint structure obtains for a sector in which x^O everywhere. It is 
clear that not all the allowed initial conditions are compatible with this restriction. In this 
case we have: 

1) 3 chains of first class constraints vr* ~ 0, 0j ~ 0, so that Ai and 3 components of Qij 
are gauge variables to be fixed with some gauge fixing, for instance A^ = (Kuchaf 's 
non-rotating observer); 

2) 1 chain containing a pair of second class constraints tta — 0, xa — 0, so that A is 
determined by — (see eqs.|3.9|): note that this equation for the potential hidden inside 
A is not Poisson-like. Actually, as we know, it cannot be so, in the present conditions since 
the three-space is non-flat in general. Its form is precisely the following: 

2^AAA + 2^g'^ ViAVjA = +A'nmG A 5=^[z - x(T)] . (3.12) 
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Second class constraints Multiplier's Equation 



TVA — 



Xa-0 



■IpA — 



First class constraints 



TT* ~ 



Figure 1: Constraints chains for the ten-fields 



It is interesting to note that, unlike the standard Poisson equation, Eq. ( p.l2D allows for 



the solution A = 0, corresponding to the strong equation: vr^'* = 0. This fact could have 
some interest in connection with the needs of a non-relativistic cosmology (see for example 
Rindler and Friedrichs [0). 



In this sector there are 3 physical degrees of freedom in Qij (one more than in the general 
relativistic case). The structure of the constraints is illustrated in Fig.l. 



b) Let us remark that in the sector x — 0, one has proliferation ||rT| of constraints, i.e. 
ipA — is replaced by x — and ipA = 4'a\x=o — 0. It is extremely difficult to analyze it and 
we are not sure that it is self-consistent. Anyway, where it consistent in absence of matter, 
it would imply the vanishing of both Hi and He, as a consequence of xa — 0, x — 0: recall 
that the vanishing of both Hi and He is a. particular solution of the ADM superHamiltonian 
constraints also in the general relativistic case (see footnote 2). Furthermore one should 
discuss here too the problem of the central charge c^Ai + c'^N', mentioned at the end of 
Section 6 of the previous work. 
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3.1 An eleven-fields theory 



Let us now generalize the field Q{t) to an expression depending on time and on the space 
coordinates: O = Q{z,t). This generalization is not quite natural from a Galilean point 
of view since it introduces dilaton-like | degrees of freedom into a Newtonian framework. 
In this case, of course, the field G cannot be reabsorbed and the total action ( p.2|) can be 
written as: 
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Here again, we shall deal with the problem of investigating the true dynamical degrees of 
freedom of the theory by means of a constraint analysis within the Hamiltonian formalism. 
In this case too is profitable to adopt A = A/Q'^ as a dynamical variable. The Action then 
becomes: 
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The Euler-Lagrange equation of this Action are reported in appendix A. 



^Allowing this generalization is tantamount to perform a conformal transformation on the original four- 
dimensional metric. In this way, the opening-out of the light-cones taking place through the limiting 
procedure no longer occur uniformly across the four-dimensional manifold. 
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The canonical momenta, [/ = ^] result: 
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Therefore, since the Lagrangian is independent of the velocities Ai, B and A, we have first 
of all the primary constraints 




(3.4) 



The Dirac Hamiltonian is given by: 
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where notation and algebraic properties of the quantities involved are the same of eqs. ( |3.6| ) 
and (K7i). 



We apply now the Dirac-Bergmann procedure. By imposing time-conservation of the 
primary constraints, we get: 

(j)i{z,t) = -gij{z,t)TT^{z,t) = -gij{z,t){'K^{z,t),Hci} 

= 2g,jVk7r'''+Pi6\z-x{t)]c^0 
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which must be imposed as secondary constraints. In turn, time-conservation of these latter, 
imphes that the following weak equations be satisfied on the constraint hypersurface: 

{Mz,t),Hd} 



(j)i{z,t) 
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where we have defined TCm{z) = {■^g^-'PiPj — mA)S^[z — x{t)]. 



e 



A 



Now, since -j/^j = ^ already holds as a consequence of the primary and secondary 
constraints, the condition that the remaining weak equations be satisfied amounts to im- 
posing the following tertiary constraints: 



i^A{z,t) = xa^O . 



(3.8) 

Let us note that the second of eqs. (|3^ ) determines the Dirac multipliers Xa on the particle 
world- line. Again, by imposing time-conservation of the constraints (|3.8| ), we finally obtain 
the quaternary constraints C,a{z, t) and ^eiz, t) whose esplicit form is reported in Appendix 
B (Eqs. B.l and B.2). 



Eqs.( p.l| , p.2|) allow in principle to solve for the multipliers Ae and Xa and to close 
the constraints chains. Since eqs. (p.l| , p.2|) are partial differential equations for Ae and 
Xa this is a non-trivial problem which could be possibly connected with the presence of 
residual gauge degrees of freedoms. Looking at the algebraic relations existing among all 
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I 

T 
I 
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Figure 2: Constraints chains for the eleven-fields theory. 



the constraints, we see that the only first-class ones are: 



TT 







(3.9) 



The whole constraints chains are summarized in Fig. 2, while the complete constraints 
algebra is given in Appendix C. 

While the Gauss constraints (pi ^ correspond to the pure gauge nature of three degrees 
of freedom of gij (that have to be fixed by three coordinate conditions), the constraints 
TT* ^ correspond in turn to the gauge nature of the fields Ai. 

Although a complete discussion of the role of the second class constraints in restricting 
the number of degrees of freedom could be carried out only in connection to the properties 
of the solutions of Eq. ([B.l ,BT2) for the Dirac multipliers, it is reasonable to expect six 
generally second class constraints, as shown in Fig.2: they fix the fields 0(z,t), A{z,t) 
and one of the remaining degrees of freedom of gij{z, t) as functionals of all the other fields 
|T3| . Therefore we are left with two degrees of freedom of the three-metric, as in general 



relativity. It is interesting to see that these degrees of freedom are " graviton-like" , and that 
their propagation properties can be explicitly exhibited by means of a linear approximation. 
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in a region far from matter. 



In order to show this, we choose a gauge fixing chain of the gauge variables associated to 
the first-class constraints in such a way that the first ones are just the "harmonic coordinate- 



conditions" . Precisely, following |T^, we start adding to the first class secondary constraints 
0j ^ , the gauge fixing constraints 



I „rs 







(3.10) 



Then, the condition 



Mi. = Vti 







(3.11) 



provides the gauge-fixing for the first class primary constraints vr* ~ 0. The fields Ai are 
determined by these equations. The time-derivatives of the constraints (|3.11|) 

Mfc^O , (3.12) 

fix in turn the multipliers Aj. Clearly, the local Galilei invariance is thereby broken. 

The explicit calculations of the linear approximation will be worked out by starting with 
a weak-field approximation for the fields, based on the following Ansatz for the zero*'^-order 
terms: 

' gij{z,t) = Sij +ehij{z,t) + O(e^) 
G(z,t) = Ke +eeW(z,t) +0(e2) 

A{z,t) = -Ka +eAm{z,t) +0(e2) ^^-^-^^ 
[ Aiz,t) = +eAW(z,t) +0(e2) , 

where and Kq are positive real constants. Moreover, the tensor hij will be decomposed 
in the usual transverse-traceless form: 



(3.14) 



Given ( |3.13|) , we obtain the following week- field expressions for the non- vanishing canonical 
momenta 



TTe 



32nG Ke 






. 



(3.15) 
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From equations ( 3.13 - 0^ ), we get the following expansion for the constraints: 

KeKA 



XA 

Xe 



WttG 
+ O{e 



1 



The vanishing of the terms of order e determines the quantities ,hj^, while leaves the 
quantities hfj^,Q^^\A^^^ undetermined. 



Now, let us Wright the multiphers A®, A^, Aj as power series in e: 



X^{z,t) = X^^\z,t) + eX^l\z,t) + Oie^) , 
Kiz,t) = Afl(z,t) + eA,W(z,t) + 0(e2) . 



(3.16) 



The equations (|3.11 ,B.l,B.l) for the Dirac multipliers become 



+ e 



327rG" 
327rG 



(3.17) 



From these equations, it is seen that the Ansatz ( pj.l3D is indeed consistent since Eqs.(3.16) 
admit the solutions Aq (z,/!:) = 0, A|^'(z,t) = 0, Xf\z,t) = at the zero^^ order in e. 

Then, the Hamilton equations of motion for vr*-^ result: 



IGttG 



(3.18) 
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On the other hand, from time differentiation of eqs.( p.l5| ), one also gets 



71 



' IQnGKe 



^2 

aw + aw - — 



(3. 



9) 



Finally, by confronting ( p.l8|) and ( p.l9| ) (collecting the expression 



327rG 



inserting in ( |3.19| ) the expression for which comes out from the last equation (|3.17| ) at 
the first order, and separating out the transverse traceless, the trace and longitudinal parts 
of the resulting equations, respectively, it follows: 



- 0+O(e) 



(3.20) 



d^ 



TT 



KlKAdt^ 



^h^f + 0(6) 



Note that the first two equations ( p.20 ) are compatible with the constraints for ^ hf. The 
third one is the wave-equation for the " graviton-like" degrees of freedom of the three-metrics 
which, consequently, propagate with a velocity given by: 



\ 



-A 



(3.21) 



It is seen that, under the above conditions, the potential Aq, at the lowest order, assumes, 
as it were, the role of a cosmological background. At this order, instead, O'^' and A^^^ 
remain undetermined. This result seems to us quite remarkable from both a conceptual 
and a historical point of view. It is worth recalling that Einstein, in his first attempts 
towards a relativistic theory of gravitation, introduced a variable speed of light playing the 
role of the gravitational potential (see Ref. B). 
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Appendix A: The Euler-Lagrange equations of the eleven 
fields theory. 



The Euler-Lagrange equations of the eleven fields theory result: 



9ij 



1 yg 



Tfl 



—^A{g"^g^^ - g'^g'')Bui 



=0 



+ 



03 



m 



+ 'J^8^[z - x{t)] [x^ + g'^A, 



m 

02 



A^ A ■ 



1 



g''A,){x^ +g^'Ai) + A S^[z - x{t)]=0 . 



16nG 



03 



+ '^^^[B'^B^'grs - B'^TrB] 



+ 



293 ^ ^ 2' 



93 



d 

^ Jt 

m 



^{g"'g''-g''gnBr 



x^ + V\iX^x^ 




+ 



'x' + g'^Aj] 4 




I -i 

-X 




\dAo dAj 




'dAi 


^A,^ 


dx^ dt 


dx^ 


dx^ 



• I ° r\ 



(A.l) 
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Appendix B: Quaternary constraints of the eleven fields 
theory. 



The quaternary constraint of the eleven fields theory are given by: 



(B.l) 



6A ^e,, + 3ev,.VsA +3eL 



d 



Q{z)pig''{z)5\z - x{t)] 



d_ 



A® 



+ 



d 

dz'' 



m 



-g''piHM{z)6\z - x{t)] 



A 



G 



+-g"'pinM{z)S\z - x{t)]X% ~ , 

777- 

U{z,t) = Mz,t) = {Mz,t),Hd} 



1 ~ ~ 

4 



+^''' " \PrPs - 7;9rsg"^PiP3\5\z - x{t)\ 



+3a.e 

IGTrCe^ 3 



4 . 



-30 L® 



+ 



A 2 



-22! (67r% + V.TT'^'i) ^ 



^2 

327rGe2 



A^ 



(i6^g)-^e'^ 



- x{t)\\' 



1 



(B.2) 



VtVs^\z - x{t)\\' 
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A\z) ^ ^^^^ ^ 



A\z) 



e T 



167rGe 



m^A? 
+2e(z)V,7r*=^(z) 



2 AA^-e _ 



where tt = gijTT'^\ A^ = A^ — Aig^^Aj, A® = A^ — Aig'^^Qj and we have defined: 
^ /ciV{7r^^(z,t),-e(z',t)xe(;^',t)} 

Grs{z,t) = jdh' {Rrs{z,t),-e{z',t)xe{z',t)} 



^9 "^{^rl^ mks + '^si-^ mkr ^kl^ rsm ^kl^ srm + ^^kl^ rms) 

"iGTrCe, 1 , 
L^{z,t) = Jdh' 7r''{z,t){VrVj{z,t),-eiz',t)xe{z',t)} 



IGnCeA^k 

A 

+ . — 



e A 
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L® (z, t) = I dh' 7r-(z, i){V,V,e(z, t), -e(z', t)xe{z\ t)} 
167rGee,fe 



A 









e 


i 





2 1 



and 51? is the symmetrized expression ^{SjSj + 

Appendix C: Constraints algebra of the eleven- fields 
theory 



We summarize here the relevant part of the constraints algebra of the eleven fields theory: 
{XA{z,t),(j)i{z',t)} = +A^i{z',t){xA{z,t),7rA{z',t)} 

+e,,{z',t){xA{z,t),7Te{z',t)} 

-XA{z',m6\z-z'] 

{X0{z,t),(j)i{z',t)} = +A^i{z',t){xe{z,t),7rA{z',t)} 

+e,,{z',t){xe{z,t),7Te{z',t)} 
-Xe{z',m6\z-z'] 

Xe + {■^9''P^PJ - mi) S\z - x{T)]^ d\z - z'] 

-XaS\z - z'] 

-XaS\z - z'] 





{XA{z,t),7rA{z',t)} 
{Xe{z,t),7TA{z',t)} 

{XA{z,t),7Te{z',t)} 

{Xe{z,t),ne{z',t)} 



2 
1 

e- 
1 



= +A^i{z\t){ijA{z,t),7TA{z',t)} 
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+e,i{z',t){Mz,t),7Te{z',t)} 



-iPA{z',t)diS\z-z'] 



{iPe{z,t),(l)i{z',t)} = +A^i{z',t){iPe{z,t),TTA{z',t)} 



+e,i{z',t){Mz,t),Mz',t)} 



{XA{z,t),XA{z',t)} = -2^^\Vi7:'^\z)-3A,i{z)7:'\z)]dA^-z'\ 



{XA{z,t),X0{z',t)} 



A(z) 

20V) 

A{z') 
-39 



Vin'^iz') - 3A,i{z')7r'\z')] d,5\z - z'] 



^ 4 



S3^z - z'] + 67r^^- - z'] 



+39(2, t)Ti'^{z, t) \didj6\z - z'] - rf^.(z, t)dkS\z - z'] 



IQnG 9 



m 



n'^ q'^TT 



PipAz - x{tMz - z'] 



+ 



2Q{z)Vni^\z) du5\z - z'] - 2Q{z)Vni^\z)^^5\z - z'\ 
J A{z) 



+9(;z') 2^n,''\z!)^pig'\z!)b\z! -x{t)\ dj\z-z! 



-9,,(z,t) \2ieMz,t) +pjg'^{z,t)5\z - x{t)]\ 5\z - z'\ 



{Xe{z, t),xe{z', t)} = \A{z)V itt'^z) - 3A,i{z)7t'\z)] 4% - z'] 



+ 



A{z')Vi7r'\z')-3A,i{z')7r'\z') 



dAz - A 



nM[z,t) H nM[z ,t) 



m 



m 



dkSlz - z'] 



-l27^^'^A,kdAz - z'] 
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A 

+2^V;7r'='i - z'] 



327rGe^ 
rUy/gA^ 

2 



PrPs - 2^5' PrPs 



5\z - x{t)]5\z - z'] 



+^^m5\z - x{t)] [X\z) - Ag'^{z)A,{z)\ 5\z - z'\ 
^^ri^M{z)b\z - x{t)\A,{z)g'\z)d,b\z - z'\ 



{Mz,t),7ieiz',t)} = jsTT^ 



^rs ^QrsR 



- 37r"^V.V,e ^^fz - z' 



e_ , 

A^' 



-127r'''^ArAs6\z- z'] 



+3TT''{z)e{z)drds6\z - z'] 



-37r^'{z)Q{z)T',,{z)dk6% 



327rGe 



m^A'^ 
+2Q{z)Vi7r^\z 



z — z 



PrPs -2^9 PrPs 



5\z - x{t)]5\z - z'\ 



.A,(z) ejz) 



A{z) e{z) J 

-2Q{z)Vi7r''^{z)dk6\z - z'] 



z — z 



{Mz,t),7rA{z',t)} = 37r''{z)e{z) [drd^S^z - z'] - T';^dk6\z - z' 

+6n'''{z)dre{z)dsS\z - z'\ 

+e(z) [2V,7r'='(z) -vig'''{z)?>\z - x{t)^ d^b\z - z'\ 

-A \Q{^£)^,g^\z)8\z - X{t)^ b\z - Z'\ 

- 2V,7r^'(2) ^m'\z)8\z - x{t)^ d^<^{z)b\z - z'\ 
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{il^eiz, t),7re{z', t)} = 37r''{z)VrVsA{z)S\z - z'\ + ^T^^\z)drA{z)ds?>\z - z'\ 

i'K^\z)duA{z)6\z - x{t)\ - 2V iT:^\z)A{z)d^,b\z - x{t)\ 



d 



9'''piHM{z)5\z-x{t)] 



m 



6\z - z'] 



+-g'%{HM{z)5\z - x{t)]dk5\z - z'] 



m 



2Vin''^{z) +pig^''{z)6\z - x{t)]\ dkQ{z)S\z - z' 
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